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Abstract
This note discusses how an operator analog of the Lagrange polynomial
naturally arises in the quantum-mechanical problem of constructing an ex-
plicit form of the spin projection operator.
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The problem of interpolating a function f(x) via a polynomial arises in many
applications. One such interpolation formula has the form:
f(x) = PN(x) +RN(x) (1)
PN(x) =
N∑
k=0
f(xk)
N∏
`=0; `6=k
x− x`
xk − x` (2)
RN(x) =
f (N+1)(ξ)
(N + 1)!
N∏
`=0
(x− x`) (3)
min(xk) < ξ < max(xk) (4)
where PN(x) is the Lagrange polynomial, RN(x) is the residual term of the interpo-
lation, and xk are the interpolation nodes [2] (also see [1]). From (3) it follows that
R(x) = 0 and f(x) = PN(x) if f(x) is a polynomial of order n ≤ N .
This note discusses how an operator analog of the Lagrange polynomial naturally
arises in the quantum-mechanical problem of constructing an explicit form of the
projection operator P̂m(Ŝz) of a general spin state onto the eigenstate |m〉 of the
spin operator Ŝz [3] (also see [4]):
Ŝz|m〉 = m|m〉 (5)
m = −S,−S + 1, . . . , S (6)
S = 0,
1
2
, 1,
3
2
, . . . (7)
The projection operator has the following properties:
P̂ 2m(Ŝz) = P̂m(Ŝz) (8)
P̂m(Ŝz)|m′〉 = δmm′ |m〉 (9)
Let us consider an arbitrary operator-valued function f̂(Ŝz). From (5), (8) and
(9) it follows that
f̂(Ŝz) =
S∑
m=−S
f(m) P̂m(Ŝz) (10)
On the other hand, we have the Maclaurin series:
f̂(Ŝz) =
∞∑
n=0
f (n)(0)
n!
Ŝnz (11)
From the properties of the operator Ŝz it follows that
S∏
m=−S
(Ŝz −m) = 0 (12)
1
Therefore, the powers Ŝnz with n ≥ 2S + 1 can be expressed as linear combina-
tions of the powers Ŝkz , where k = 0, 1, 2, . . . , 2S for half-integer values of S, and
k = 1, 2, . . . , 2S for integer values of S. So, the infinite series (11) at the end can be
reduced to a polynomial of order 2S. As a result, the interpolating Lagrange poly-
nomial with the argument Ŝz, with the interpolation nodes chosen as the eigenvalues
of the operator Ŝz, coincides with f̂(Ŝz). That is,
f̂(Ŝz) =
S∑
m=−S
(−1)S+m+αS f(m)
(S −m)!(S +m)!
S∏
n=−S; n6=m
(Ŝz − n) (13)
where αS = 1 for half-integer values of S, and αS = 0 for integer values of S. (In
(13) the increments of m and n equal 1.)
Comparing (11) and (13), we find an explicit form of the projection operator:
P̂m(Ŝz) =
(−1)S+m+αS
(S −m)!(S +m)!
S∏
n=−S; n 6=m
(Ŝz − n) (14)
Taking into account (5), one can readily verify that (14) satisfies (8).
Finally, let us list some examples:
S =
1
2
: P̂± 1
2
(Ŝz) =
1
2
± Ŝz (15)
S = 1 : P̂0(Ŝz) =
(
1 + Ŝz
)(
1− Ŝz
)
(16)
S = 1 : P̂±1(Ŝz) =
1
2
Ŝz
(
Ŝz ± 1
)
(17)
S =
3
2
: P̂± 1
2
(Ŝz) =
1
2
(
3
2
+ Ŝz
)(
3
2
− Ŝz
)(
1
2
± Ŝz
)
(18)
S =
3
2
: P̂± 3
2
(Ŝz) =
1
6
(
1
2
+ Ŝz
)(
1
2
− Ŝz
)(
3
2
± Ŝz
)
(19)
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